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Abstract 

The Laplace transform in Komatsu ultradistributions is considered. Also, condi- 
tions are given under which an analytic function is a Laplace transformation of an 
ultradistribution. 
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Introduction 

Tlie Laplace transform of distributions was defined and studied by Schwartz, [12]. Later, 
Carmichael and Pilipovic in [1] (see also [2]), considered the Laplace transform in E'^, 
of Beurling-Gevrey tempered ultradistributions and obtained some results concerning the 
so-called tempered convolution. In particular, they gave a characterization of the space 
of Laplace transforms of elements from supported by an acute closed cone in W^. 
Komatsu has given a great contribution to the investigations of the Laplace transform 
in ultradistribution and hyperfunction spaces considering them over appropriate domains, 
see [7] and references therein (see also [14]). Michalik in [9] and Lee and Kim in [8] 
have adapted the space of ultradistribution and Fourier hyperfunctions to the definition 
of the Laplace transform, following ideas of Komatsu. Our approach is different. We 
develop the theory within the space of already constructed ultradistributions of Beurling 
and Roumieu type. The ideas in the proofs of the two main theorems (theorem 2.1 and 
theorem 2.5) are similar to those in [13] in the case of Schwartz distributions. In these 
theorems are characterized ultradistributions defined on the whole M.'^ through the estimates 
of their Laplace transforms. This is the main point of our investigations contrary to 
other authors who investigated generalized functions supported by cones. We consider 
a restricted class of ultradistributions assuming conditions (M.l), (M.2) and (M.3) (for 
example, cases Mp = p!*, s > 1) in order to obtain fine representations through the 
analysis of the corresponding class of sub exponentially bounded entire functions. With 
weaker conditions, (M.3)' instead of (M.3), or even in the case of quasianalyticity, we can 
obtain different, technically more complicate, structural representations. 
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1 Preliminaries 

The sets of natural, integer, positive integer, real and complex numbers are denoted by N, 
Z, Z+, M, C. We use the symbols for x e W^: (x) = (l+lxp)^/^ D'' = D^' . . . D'^' = 

rl(9"V'9a;"^ a = (ai, ^2, • • • , "d) e N"^. If z G C^, by we will denote zj + ... + zj. Note 
that, if X G M.'^, = |xp. 

Following [4], we denote by Mp a sequence of positive numbers Mq = 1 so that: 

(M.l) M2 < Mp_iMp+i, p e Z+; 

(M.2) Mp < coi?^ min {M^.^MJ, p, g G N, for some Cq, > 1; 



0<q<p 

(M.3) E ^ ^ ^ ^ 



although in some assertions we could assume the weaker ones (M.2)' and (M.3)' (see [4]). 
For a multi-index a G N"^, Mq, will mean M|q,|, |q;| = ai + ... + a^. Recall, rrip = Mp/Mp_i, 
p G Z+ and the associated function for the sequence Mp is defined by 

M{p) = suplog+— , p > 0. 

It is non-negative, continuous, monotonically increasing function, which vanishes for suf- 
ficiently small p > and increases more rapidly then (In pY when p tends to infinity, for 
any p G N. 

Let ?7 C M'' be an open set and K GG U (we will use always this notation for a com- 
pact subset of an open set). Then 8^^'^^'^{K) is the space of all G C°°(f/) which satisfy 

sup sup — r~T7 — ^ ^^-^"^ pj^^pi''^ jg ^]^g space of all G (M'^) with supports in K, 



which satisfy sup sup — ; — — — < oo; 



^(A«(;7)= hm hm^^^^''>'''(i^), ^i^«(f/)= hm \im S^^^^^'''{K), 

KCCUh^O KCCU h^oa 



h^O KCCU 

Vf^^ = Ijm Vf^^'\ V^^'^^U) = lim vf^\ 

h^oo KCCU 

The spaces of ultradistributions and ultradistributions with compact support of Beurl- 
ing and Roumieu type are defined as the strong duals of V^^^p\U) and £^^^p\U), resp. 
2){A^p}(t/) and S^'^^p^U). For the properties of these spaces, we refer to [4], [5] and [6]. In 
the future we will not emphasize the set U when U = M'^. Also, the common notation for 
the symbols (Mp) and {Mp} will be *. 

If / G L\ then its Fourier transform is defined by (-F/)(0 = /(O = /r^ e~'^^^f{x)dx, ^ G 
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By £H is denoted a set of positive sequences which monotonically increases to infinity. 
For (rp) G SH, consider the sequence A^'o = 1, A'p = MpYYj^irj, p G Z+. One easily sees 
that this sequence satisfies (M.l) and (M.3)' and its associated function will be denoted 

by Nr (p), i.e. Nr(p) = suplog+ , , , p > 0. Note, for given and every A; > 

there is po > such that Nr^^p) < M{kp), for p > po- 
It is said that P(0 = ^ c^^C, ^ e K"', 

is an ultrapolynomial of the class (Mp), 

resp. {Mp}, whenever the coefficients Cq satisfy the estimate \ca\ < CL^Ma, a E N'^ for 
some L > and C > 0, resp. for every L > and some Cl > 0. The corresponding 
operator P(-D) = J2a^aD°' is an ultradifferential operator of the class (Mp), resp. {Mp} 
and they act continuously on £^^'^p\U) and r'(^^f)(f/), resp. S^^^^^U) and and 
the corresponding spaces of ultradistributions. 

We denote by S^ """ [R'^), m > 0, the space of all smooth functions (p which satisfy 

\ 1/2 




dx I < oo, (1) 



supplied with the topology induced by the norm am,2- The spaces S'^^'^^'' and S'^^'^^^ of 
tempered ultradistributions of Beurling and Roumieu type respectively, are defined as 
the strong duals of the spaces S^^'''^^ = hm S^'^""" (M"') and S^^'^^ = Inn S^''""^ {R'^), 

m—>oo m— >0 

respectively. All the good properties of S* and its strong dual follow from the equivalence 
of the sequence of norms am2, m > 0, with each of the following sequences of norms (see 
[2], [10]): 

{d) <Jm,p, m > 0; j» G [1, oo] is fixed; 

(6) Sm,p, m > 0; p G [1, oo] is fixed, where Sm,p{(p) ■= 7-^-77 -] 

mH||DX-)e^^H-l)||^^ 
[c) Sm, m > 0, where Sm{^) '■= sup 



If we denote by S^^'"" [W^] the space of all infinitely differentiable functions on for which 
the norm am,oc is finite (obviously it is a Banach space), then S^^^^^ (M'^) = lim S^'^'"" (M'^) 



m— >oo 

and S^^'^^^ (M'^) = lim 5^^^'" [R'^). Also, for ms > mi, the inclusion S^"""' {R'^) — > 

m— >0 

i5oo'"™^ (K'^) is a compact mapping. In [11] and [2] it is proved that S^'^^''^ = hm 5^^^^ ^.^ ^, 
^^^^^ = e (M'^) |7(.,),(.,)(^) < 00} and 



7{rp),{.,)(<^) = sup 



(x)l^lDXx) 



IL2 



Also, the Fourier transform is a topological automorphism of S* and of S'*. 



4 



2 Laplace transform 

For a set i? C Mf^ denote by chB the convex hull of B. 

Theorem 2.1. Let B be a connected open set in and T G V*(M.^) be such that, for all 
i & B, e-^«T(x) e Then the Fourier transform J^,^^.^ (e-^«T(x)) is an analytic 

function of ( = + if] for C, G chi?, 77 e M.'^. Furthermore, it satisfies the following 
estimates: 

for every K CC chi? there exist k > and C > 0, resp. for every k > there exists 
C > 0, such that 

|j;^^(e-"«T(x))(e + ir])\< Ce^'^C^I^I), e K,\/r] e R'^. (2) 

Proof. Let K he a fixed compact subset of ch B. There exists < 5 < 1/4 and ^ 
B such that the convex hull 11 of the set {^^^\ ^*^'''} contains the closed 4e neighborhood 
of K (obviously 11 CC chi?). We shell prove that the set 

|S G V'*\S{x) = T(x)e-"«+^Vi+N^,^ 6 k} (3) 



is bounded in S'*. Note that by the condition in the theorem T{x)e G S'* and e'^v^^ 
is the restriction on the real axis of the function e^^-^"*"^^ that is analytic and single valued 
on the strip M"^ + i{y G R'''\\y\ < 1/4}, and hence e^v^^+l^ is in £*. Note that 

T(x)e-^«+^v/^ = e'^^aix, OT(x)e-^«^'^ , (4) 



I 



k=l 

^1 



where a{x,C,) = e j ' j . The function a{x,C,) satisfies the following condi- 



tions: 

i) < a(x,0 < 1, (x, e M'^ X n; 

ii) e"Vi+l^l'a(x,0 < e^', eR"^ x K, and Ve' < 4e; 

Hi) a(x, e (M^'^) . 

Mi) it's obvious. To prove i), take ^ G 11. Then there exist ti,...,ti > such that 
I I 

^ = and ^4 = 1. Then, by the weighted arithmetic mean-geometric mean 

k=l k=l 

inequality, we have 



I 



k=l k=l k=l 

from where it follows i). For the prove of ii), note that, for {x,C,) EM.'^ x K, 



e"'v^a(x,0 < e"'+"'l"la(x,0 = e^' maxe-*"a(x, = e'' max a(x , ^ + t) < e"', 

|t|<e' |t|<£' 
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where the last inequahty follows from i). 

Now we will estimate the derivatives of a(x,0- Let s = max 1^1. Then a(z,0 is an 

analytic function of z = x + iy on the strip M.'^ + i{y G M 



\s < vr/4}, for every fixed 



G n, because 



k=l 

and hence 



E 

k=l 



2 / ^ \ 2 

> I 5]e-^'«'''cosye^'=) 1 > 
fc=i 



,fc=i 



fc=i 



(5) 



fc=l 



Take < r < l/y/d so small such that rsy/d < ir/A. Then, from Cauchy integral formula, 
we have 



\dy{x,0\< -j^ sup 

' \wi-xi\<r,...,\wa-Xd\<r 



If we use the inequality (5), we get (we put w = u + iv) 



'(u+iv)i 



< 



< 



^g-xC(fe)g-|«-^'l I ~ ^^^^e-a;5Wg-rsv^ 

So, we obtain the estimate 



|9>(x,0l<v^e^^^a(x,0- 



(6) 



Note that, by the previous estimate and the property ii) of a(x, ^), it follows that a(x, ^) G 
iS* for every ^ E K and the set ^)|^ G K} is a bounded set in S* . We will estimate the 
derivatives of e^v^^. The function g'^v'i+z^ jg analytic on the strip M*^ + ijy G < 
1/4}, where we take the principal branch of the square root which is single valued and 
analytic on C\(— cxd,0]. If we take r < l/(8(i), from the Cauchy integral formula, we get 



the estimate 
as follows 



< -;— r sup 

\vii-Xi_\<r,...,\wci-Xd\<r 



Put w = u + iv and estimate 



< e 



< eyi+2hF < sy/l+4\u-x\^+i\x\' ^ £^l+l+4|x|2 <- 2sy/l+\x\^ 
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Hence 



(7) 



If we take r small enough we can make the previous estimates for the derivatives of a(x, ^) 
and c'^a/i+I^P to hold for the same r. Now we obtain 



Using the property ii) of the function a(x,^), we get 



By this estimate and proposition 7 of [3] one has v^'^a(x, is a multiplier for S'*. 
Because of (4), (3) is a subset of 5'*. Now to prove that (3) is bounded in S'*. We will give 
the prove only in the {Mp} case, the (Mp) case is similar. Let t/j G S^^^p\ There exists 



h > such that ip G S^'"^. Note that 
Choose m < h/A. By (8), we have 



£(:)- 



2s- 



-2^(a-7)!2l"-^l|D^7/;(x)| 



a\ /iH+l/3|(a_^)!2l"-Tl 

^ ) 4|a| + |/3|^|a-7lM„_/il7l+l/3| 



< 



7<a 



7. 



2l"lrl°-'>'lM 



a— 7 



Hence e"vi+N^a(a;, OT(x)e-^^^'\ ^ e i^, is bounded in S'^^'^^\ Buy (4), the set (3) is 
bounded in S'^^^p\ 

We will prove that e~^v^^ E S*. In order to do that we will estimate the derivatives 
Qf g-e-\/i+|a;p -vvith the Cauchy integral formula (similarly as for e'^v^^). We obtain 



< 



rl"l 



sup 

\wi-xi\<r,...,\wa-xa\<r 
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where, < r < 1/ {8d). Let w = u + iv. Then, if we put p = y (1 + j-up — \v\'^) + A{uv)'^, 

_ 1 + |Mp - |w|2 . 2mv 

cosy = — - , smu = — - (where u G 

^'(l + |u|2 - |t;|2)2 + 4(ni;)2 y/(l + |n|2 - ||;|2)2 + 4(^^)2 

(— TT, tt)), we have that 9 G (— 7r/2,7r/2) (because cos 6* > and 6* G (— 7r,7r)) and 

(6 6\ 6 

cos - + i sin - j = y/p cos - > 

where the second equahty holds because we take the principal branch of Because 
r < l/(8(i), we get 



2 ' 



^Rc(-ev^I+^) ^ g-f 



< e 2 



Hence, we obtain 



< -p-re 

— 



(9) 



From this, it easily follows that e'^v^^ G 5*. So e-^«r(x) G 5'* (Mf), for ^ G iT, 

because e-^«T(x) = T(x)e-^«+"v/^^e-"v^^^^ and we proved that T(x)e-^«+"^^+^ G 
5'* (M^), for ^ G ir. 

Put /(^ + i?7) = J-'a;^r;(e~^^T(x)). We will prove that / is an analytic function on 
chS + iM'^. Let V be an arbitrary bounded open subset of chi? such that K = U CC chi?. 
For ip & S* and ^ G f/, we have 



Hence 



e^v^^+^e-^«T(x) j ® 1^, e~'^^+^e-''''^ip{r]) 
f /e^Vi+l^i'e-^«T(x)e-*^^ g-e^i+lxiA 



-ixr) -e-y/l+jxp 



(10) 



First we will prove that / G (f/ x . We will prove the differentiability only in 
and in the {Mp} case. The existence of the rest of the derivatives is proved in analogous 

way and the (Mp) case is treated similarly. Let ^(o) = {if\...,if^ = ^ U, 
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e= (ef + = (er+6,r),a:= = (xi,x'). Let 0< l^il <5< 

e < 1 such that the ball with radius 5 and center in i^*^*^) is contained in U. Then, by using 
(4) and (10), we obtain 



-ixrj -ey/l+\x\- 



k=l 



6 



It is enough to prove that, for every tjj E S^^^^\ 

+ Xia (x, ^(°)) ) ^/^(x) — > 0, when — > 0, in 5^^^"^ 
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First note that 



+ Xi 



Now, we get 



n=l n=2 



6 



ni 



So, for j G N, j > 2 and < < 6 < e < 1, we have 



Xi 



< 



I?. IE 



n=2 

°° > 'ii—j\c In— 2 



-i)"n!xr^er' 



{n-j)\ 



< 



i«.iE 



n=] 



n — j)!n! 



{n- ])\ 



Using similar technic, we obtain the estimates 



D 



Xl 



-Xl^l _ ^ 



Xl 



So, in all cases, we have 



Di 



< 5|xi|el^il^ and 



Xl 



^1 



+ Xl 



< 5(xi)^el^'l'^. By using (8), we get (for 



simpler notation we write j for the d-tuple (j, 0, 0)) 



6 



Xl ^Ij{x] 



EE 

/3<« j</3 



(3 J \J 



+ xi ] D'^^^^Pix) 
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/3<a j</3 ^"'^ ^ 



where we used the inequahty e2^v^^a(x, ^(°))el^il'' < e^^v^+^a(x, ^(°)) < e^^ which 
follows from the property ii) of a{x^^). Because il) E S^^^p\ there exists m > such that 
ip G ^t^*"™. Choose h such that /i < m/4, /i < 1/4 and /lif < m. We get 



7<o J<7 



lj\3j\rj Mo,-^M^_jMjMp 
a\ h\ /2V^"'' , .,,(x)l^l+2/il"l+l/5li7l/3|+2|£)"-7^(a;)| 



7<a J<7 



ml"l-l7lml/5|+2M^_jMj- 



7<a j<7 



where we use (M.2) and the fact > 0, when p — )■ oo. Now, from this it follows that 



in ^■"^^^''J' and by the above remarks, the differentiability of /(^ +i'r]) onUxMi follows. Also 



from the previous, we can conclude that 9?/(^+i?7) = (e^v^^(—x)"e ^^T(x)e *^^,e '^aA+N 



and similarly + ir]) = (|e^v^+^(-^x)"e-^«T(x)e-^^^ e^'v^^^ From this and 

the arbitrariness of U, the analyticity of /(^ + 277) follows because it satisfies the Cauchy- 
Riemann equations. So, for ^ = ^ + irj, we get 



/(() = (e^Vi+N^e-"^T(x),e-^V^) (11) 



and 9^/(0 = (^e'V^+^{-x)'^e-''^T{x),e-'V^^y ioi ( e U + iMj, for each fixed U {e 
depends on U). 
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Now we will prove the estimates (2) for f{^+iri). Let K CC cliS be arbitrary but fixed. 
First we will consider the (Mp) case. We know that S^^p'^ is a (-^5*) - space and S^^'"^ = 
hm If we denote the closure of S^^^"^ in S^"''' by S^"''' then S'^^^^^ = lim S^^'^ 

and the projective limit is reduced. Then S'^^^''^ = lim S'J^^'"^ which is injective inductive 



limit with compact maps (because the projective limit is with compact maps). Because 
we proved that the set |^ G V'*\S{x) = r(x)e-^«+"V^^, ^ e is bounded in S'^^'^p), 

it follows that there exists h>0 such that G V'*\S{x) = r(x)e^^'«+"V^+l^l', ^ G C 



S'J^'"^ and it's bounded there. By (9), we have the estimate 



< 



< 



7<a 



7<ci 



M, 



a— 7 



where we use that e^'^^'^^^'^^e 4^^^ is bounded and 



kPpl 



— when p — > 00. Then, for ^ & K 



and T] e M'^, 
|/(e + ^r/)| = 



< C 



pMp,h 

^00 



Now we will consider the {Mp} case. S^^'"^ is a (L'FS') - space and S''^'^"^ = lim^^"-'', 



h-5>0 



where the inductive limit is injective with compact maps. Let h > he fixed. For shorter 
notation, denote by F the set G V'*\S{x) = T(x)e-^«+^v^^+^, ^ G and by J the 

inclusion S^'"'^ — > S^^^^\ Because we already proved that F is a bounded subset of 
^'Wp}^ its image under *J (the transposed mapping of J) is a bounded subset of S'c^'^'^. 



By the above calculations we see that e ^^^e ^ 
for ^ & K and 77 G M*^, we have 

\f{i + ^v)\ = 



^ is in iSto^'"*, for every m > 0. Hence, 



< a 



Mp.h 



where we used the above estimate for 



□ 
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Remark 2.2. //, forS G V* , the conditions of the theorem are fulfilled, we callj^x^r] (e ^^S'(: 
the Laplace transform of S and denote it by C{S). Moreover, by (11), 



C{S){0 = (^e'V^e-''^S{x),e-'y^+^^ , forQeU 

where U CC chB and e depends on U. 

Note that, if for S G V* the conditions of the theorem are fulfilled for B = M*^, then 
the choice of e can be made uniform for all K CC W^. 

For the next theorem we need the following technical results. 
Lemma 2.3. Let (kp) G 9^. There exists (kp) G 9^ such that k'p < kp and Y\ k'j < 



2^+'? n n K' p^Q^^A 



J 



j > jo + 1, kj = We get that k'j = —kj^ — oo, when j — > oo, which is a 



Proof. Define k[ = ki and inductively kj = min <^kj, ^A;^_^j, for j > 2, j G N. 

Obviously kj < kj and one easily checks that (kj) is monotonically increasing. To prove 
that k'j tends to infinity, suppose the contrary. Then, because (/c^) is a monotonically 
increasing sequence of positive numbers, it follows that it is bounded by some C > 0. 
Because (kj) G SH, there exists jo, such that, for all j > jo, j G N, kj > 2C. So, for all 

— — k',,. We get that k', = — . 
J - 1 ^ Jo 

p ~\~ j 

contradiction. Hence (kj) G D\. Note that, for allp, j G Z+, we have k'^j^j < — — k'j. Hence 

j=i i=i i=i i=i 3=1 •' j=i i=i i=i i=i 

We will construct certain class of ultrapolynomials similar to those in [4], (see (10.9)' 
in [4]), which will have the added beneficence of not having zeroes in a strip containing the 
real axis. 

Let c > be fixed. Let k > 0, I > and (kp) G SH, (Ip) G be arbitrary but fixed. 
Choose q ^TLj^ such that — ^ < -, for all p G N, p > g in the (iWp) case and t— — < -, 
for all p G N, p > g in the \Mp\ case. Consider the entire functions 

^'H=n(i+iS^)' - ^c' (12) 

j=q \ i / 

in the (Mp) case, resp. 
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in the {Mp} case. It is easily checked that the entire function Pi{wi, 0, 0), resp. Pi^{wi, 0, ... 
of one variable satisfies the condition c) of proposition 4.6 of [4]. Hence, Pi{w), resp. Pi^{w), 
satisfies the equivalent conditions a) and b) of proposition 4.5 of [4]. Hence, there exist 
L > and C" > 0, resp. for every L > there exists C > 0, such that \Pi{w)\ < C'e^^^^^'"^\ 
resp. \Pi^{w)\ < C'e^'^^^l""!), for all w e and Pi{D), resp. Pi^{D), are ultradifferential 
operators of (Mp), resp. {Mp}, type. It is easy to check that Pi{w) and Pipiw) don't have 
zeroes in W = M.'^ + i{v G M*^! jtij | < c, j = 1, d}. For w = u + iv G W ^ \u\ > 2c\/d, we 



have kf > 



\w\ 



and 



w 



> 1, for j > g. We estimate as follows 



\PJw) 



w 



J=<1 

|^|2g-2 



sup 



n 



W 



> 



kpM„_i 



sup JJ 

p 

'j=q 



l]m] 



> 



sup 



n 



j=<i 



\w\ 



3 3 



\W 



q-l 



^2N2lj,{\w\) y Q 



•I ^ 

%27Vfej,(|t«|) 
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where we put C'q = Y\ -rf and Ip = I and kp = k in the (Mp) case. For w G W, because 
i=i 

Pi{w), resp. Pip{w), doesn't have zeroes in W, we get that there exist Co > such that 

\Pi{w)\ > Coe-2*-^(l'"l/'=)e*-^(l"'l/(20), resp. \Pip{w)\ > Coe-^^'^^d^'De^^'pd'"!), w e W. (14) 

Now, by using Cauchy integral formula, we can estimate the derivatives of 1/Pi{x), resp. 
1/Pi (C,)- We will introduce some notations to make the calculations less cumbersome. For 
r > 0, denote by Br{a) the polydisc with center at a and radii r, i.e. {z G C"'||2:j — aj\ < 
r, j = l,2,...,d} and by Tr{a) the corresponding polytorus {z G C'^H^j — aj\ = r, j = 
l,2,...,d}. We will do it for the {Mp} case, for the (Mp) case it is similar. We already 
know that on W, l/Pi^^w) is analytic function (P/^ doesn't have zeroes in W). Hence 



PJx) 



< 



rl"l 



PJz) 



< 



L°°(Tr{x)) 



e27Vfcp(k|) 



(,N2ij,{\z\) 



for arbitrary but fixed r < c (so Br{x) C W). For x G M. \B 2^.^(0), there exists j G 



{1, c?} such that \xj\ > 2r\/d. Then, on Tr(x), \z\ > \x\ — \z — x\ 
i.e. e^2!p(l^l) > gAf2ip (1^1/2) ^ gJV4ip(|x|)_ Moreover, for such x, we have 



\x\ 



-rVd > \x\/2, 



,2Affc, 



p{\z\) ^ g27Vfej,(|x|+rv^) ^ 4g27Vfcp(2rv^)g27Vfcj,(2|x|) ^ (^^g2JVfep (2|x|) ^ 



where in the last inequality we used that e*^(^+'') < 2e*^(2^)e^-^(2!^\ for A > 0, z/ > 0. So, 



we obtain 



al e 



2A^fe„(2|x|) 



2Affcp(|2|)p-JV2ip(kl)| 



\L^{Tr{x)) 
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is bounded, so we can conclude that the above inequahty holds, possible with another con- 

l ^1 g2Af(2|x|/fc) 

stant C. Analogously, we can prove that, for the (Mj,) case, d"——— < C ■ -p- r ,,,, 

^ ^ ' VP/' Pi{x) ~ rl'^l e^'^(l^l/(^')) 

This is important, because, if /c > is fixed, resp. {kp) G 9^ is fixed, then we can find / > 0, 
resp. (/p) e ^H, such that e^Mi2\.\/k)^-Mi\.\m)) < ^-M(\.\/k) ^ ^^^^ ^2N,^(2\^\)^-n,,^([A) < 

(jii^-Nkp{\x\) ^ for some C" > 0. This inequality trivially follows from proposition 3.6 of [4] in 

the (Mp) case. To prove the inequality in the {Mp} case, first note that e^^'^p'^^'^'^e^'^p^'^'^ < 

p+q 

g3Affcp/2(|x|)_ lemma 2.3, there exists {k'p) G 9\ such that k'^ < kp/2 and < 

i=i 

p q 

JJ/t;. Y[k'j, for all p,q e Z+. So e^^'vM\'^\'^ < e^^'^^^'^'^ If we put A^o = 1 and 

j=i i=i 
p 

Np = MpY\_k'p for p G Z+, then, by the properties of (/Cp), it follows that A'p satisfies 
i=i 

(M.l), (M.2) and (M.3)' where the constant H in (M.2) for this sequence is equal to 2H. 
Moreover, note that A^(A) = Nk'^{X), for all A > 0. We can now use proposition 3.6 of 

[4] for N{\x\) (i.e. for Nk'^{\x\)) and obtain e^^'^p^'"'^ < c"e^'=$>(^^'l"l) = c"e^'''p^^'"'^^^"^\ for 
some c" > 0. Now take Ip such that 4/p = kp/lAH"^), p G Z+ and the desired inequality 
follows. So, we obtain 



<C.^e--(N/^),resp. 



— ' ' ' 



where C depends on k and /, resp. (kp) and (/p), and Mp; r < c arbitrary but fixed. 
Moreover, from the above observation and (14), we obtain 

\Pi{w)\ > C'e^d^'IA), resp. |P/,(u;)| > Ce^>=p'^^'"^\ w e W, (15) 
for some C > 0. 

Lemma 2.4. let g : [0, oo) — > [0, oo) be an increasing function that satisfies the following 
estimate: 

for every L > there exists C > such that g{p) < M{Lp) + \nC. 
Then there exists subordinate function e(p) such that g{p) < M{e{p)) + InC", for some 
constant C > 1. 

For the definition of subordinate function see [4]. 

Proof. If g{p) is bounded then the claim of the lemma is trivial (we can take C large 
enough such that the inequality will hold for arbitrary subordinate function). Assume 
that g is not bounded. We can easily find continuous strictly increasing function / : 
[0, oo) — > [0, oo) which majorizes g such that for every L > there exists C > such that 
/(p) < M{Lp)+\nC. Hence, there exists pi > such that /(p) > for p > pi. There exists 
Po > such that M(p) = for p < po and M(p) > for p > po. Because M(p) is continuous 
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and strictly increasing on the interval [po, oo) and lim M(p) = oo, M is bijection from 

p— >-oo 

[po, oo) to [0, oo) with continuous and strictly increasing inverse : [0, oo) — )■ [po, oo). 
Define e(p) on [pi, oo) in the following way e(p) = M~^{f{p)) and define it linearly on [0, pi) 
such that it will be continuous on [0, oo) and e(0) = 0. Then e(p) is strictly increasing 
and continuous on [0,oo). Moreover, for p G [pi,oo), it satisfies /(p) = M(e(p)). Hence, 
there exists C > 1 such that /(p) < M(e(p)) + InC", for p > 0. It remains to prove that 
e{p)/p — > when p — oo. Assume the contrary. Then, there exist L > and a strictly 
increasing sequence pj which tends to infinity when j — > oo, such that e(pj) > 2Lpj, 
i.e. fiPj) > M{2Lpj). For this L, by the condition for /, choose C > 1 such that 
/(p) < M{Lp) + \nC. Then we have M{2Lpj) < M{Lpj) + \nC, which contradicts the 
fact that e^*^^'* increases faster then ff for any p. One can obtain this contradiction by 
using equality (3.11) of [4]. □ 

Theorem 2.5. Let B be a connected open set in M| and f an analytic function on + 
Let f satisfies the condition: 

for every compact subset K of B there exist C > and k > 0, resp. for every k > 
there exists C > 0, such that 

|/(e + iv)\< Ce*'^(*^l^l\ Ve e K,yr] e W^. (16) 

Then, there exists S G V'*{Ri) such that e'^'^Six) G 5'*(M^), for all ^ e B and 

£(5)(e + tv) = J".^, (e-^«5(x)) (e + tv) = /(e + ^V), e e 5, G M'^. (17) 

Proof Because of (16), for every fixed ^ e B, f^ = /(^ + zr/) G 5'*(Mj). Put T^ix) = 
J^v-^xifdv))ix) G S'*{Ri) and S^{x) = e''%{x) G D'*(Mf). We will show that does 
not depend on ^ G 5. Let U be an arbitrary, but fixed, bounded connected open subset of 
5, such that K = U CC B. 

Let c > 2 be such that < c/2, for ^ = (^i,...,^d) ^ In the (Mp) case, choose 

s > such that / e*^(*^l^l)e-*^(tl^l)(iry < oo and e^^^C^!''!) < ge^^^tl''!), for some constant 

c > 0. For the {Mp} case, by the conditions in the theorem, for every A; > there exists 
C > 0, such that ln+ |/(^ + ir])\ < M{k\r]\) + InC for all ^ G and r] G R'^. The same 
estimate holds for the nonnegative increasing function 

g{p) = sup supln+ \f{^ + iv)\- 

If we use lemma 2.4 for this function we get that there exists subordinate function e(p) and 
a constant C > 1 such that g{p) < M(e(p)) +lnC. From this we have that ln_|_ \ f{^ + if])\ < 
g{\r,\)<M{eim+\nC, i.e. 

\f{^ + iv)\ < Ce^^^^^l"!", G i^,Vr/ G (18) 

for some C > 1. By lemma 3.12 of [4], there exists another sequence A''^, which satisfies 
(M.l), such that N{p) > M{e{p)) and k'^ = fip/mp — )• oo when p — > oo. Take (kp) G 9^ 
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such that kp < /c' p G Z+. Then 



ff 



ff 



"7 MpY[Uk,-'7M,Y[Uk' 



> e 



M{e{p)) 



Hence, from (18), it follows that |/(^ + ir/)| < Ce^^f^l^^, for all ^ ^ K and r/ e W^. Choose 
(sp) e 9^ such that I e^^p^'^l^e-^^^f ('''l^c/r/ < oo and e^^'^p^^'l) < ge^^s^dr?!)^ some c > 0. 

Now, for the chosen c and s, resp. (sp), by the discussion before the theorem, we can 
find I > 0, resp. (Ip) G SH, and entire functions Pi{w) as in (12), resp. Pi^{w) as in (13), 



such that they don't have zeroes in W 
following estimates hold 



i{v e 



9" 



<C-—-e 

— j,\a\ 



-M(s|a;|) 



resp. 



< C ■ —-e 

— j,\a\ 



< c, j = l,...,d} and the 



where C depends on s and /, resp. (sp) and (/p), and Mp] r < c is arbitrary but fixed. 

P{w) in both cases. Define t 

in the (Mp) case, resp. P^{w) 



For shorter notation, we will denote Pi{w) and Pi (w) by P{w) in both cases. Define the 



entire functions P^{w 



P{w-zO = l[(l 



[w 



P{w-ii) 



n 



Pm'j 



in the {Mp} case. As we noted in the construction of the 



entire functions P{w) (the discussion before the theorem), P{w) satisfies the equivalent 
conditions a) and b) of proposition 4.5 of [4]. Hence, there exist L > and C" > 0, resp. 
for every L > there exists C > 0, such that |P(w)| < C'e^^^^l'"!), w G and P{D) are 
ultradifferential operators of (Mp), resp. {Mp}, type. So, we obtain 



\PAw) 



because ^ = is such that < c/2, for j = l,...,d. Hence, by proposition 

4.5 of [4], -P^(-D) is an ultradifferential operator of class (Mp), resp. of class {Mp}, for 
every ^ = (Ci,...,Cd) such that < c/2, j = l,...,d. Moreover, by the properties of 
P{w), it follows that P^{w) is an entire function that doesn't have zeroes in M'^ + i{v G 
M'^llwjl < c/2, j = l,...,d} for all ^ E K. So, by using the Cauchy integral formula to 
estimate the derivatives, one obtains that Ps^{f]) and l/P^ij]) are multipliers for iS'*(MJ^). 
Also, by (15), we have \P^{r])\ = |P(r/ - iO\ > C'e*^(^l''-*«l) > C"e*^(tl'?l), for a\\{eK and 
7] eR'^ in the (Mp) case and similarly, \P^{r])\ = \P{v - ^01 > Ce^^f (I'^-^^D > C'e^^.^dr?!)^ 
for all ^ G -fC and rj G W^, in the {Mp} case. For ^ G -B, put f^{ri) = /(^ + ir]). Then 
fdv)/Pdv) e (Mjj) n £* (mJ), for all ^eK. Observe that 



X 
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I.e. 



(19) 



Let P{w) = Caw". For simpler notation, put R{ri) = f^{ri) / P^^t]) and calculate as 

a 

follows 



a I3<a 



<fD:-^:F-X,{R){x). 



Note that 

a /3<a 



From this and (19), we get S^{x) = P{D^) ^e^'^J'-^^ (p^) ' ^ = ^ ~ 



we have 



(2vr) 



P(r/ - 20 



-drj 



(2vr) 



f{iw)e^' 
P(w) 



-dw. 



The function 



P(w) 



is analytic for iw E U 



I.e. G 



zf/ (because P(tf) 



is analytic in the last set and doesn't have zeroes there). Using the growth estimates for 
/ and P, from the theorem of Cauchy-Poincare, it follows that the last integral doesn't 
depend on ^ e [/. From this and the arbitrariness of U it follows that S^{x) doesn't depend 
on ,^ G P. We will denote this by S{x). Now, by the observations in the beginning, it 
follows that J^x^r) {e~^^S{x)) = as ultradistributions in 77 for every fixed ^ G P. By 
theorem 2.1, it follows that J-'x^ri {e~^^S{x)) is analytic function for C = ^ + ^'7£P + i^'^, 
hence the equality (17) holds pointwise. □ 



Remark 2.6. /// is an analytic function on O = B 



and satisfies the conditions of 



the previous theorem then, by this theorem and theorem 2.1, it follows that f is analytic 



on ch P 



and satisfies the estimates (2) for every K CC chP. 
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